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Aerodynamic Design Using Neural Networks
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An aerodynamicdesign procedure that incorporates the advantagesof both traditionalresponse surface method-
ology and neural networks is described. The procedure employs a strategy called parameter-based partitioning of
the design space and uses a sequence of response surfaces based on both neural networks and polynomial � ts to
traverse the design space in search of the optimal solution. This approach results in response surfaces that have
both the power of neural networks and the economy of low-order polynomials (in terms of number of simula-
tions needed and network training requirements). Such an approach can handle design problems with many more
parameters than would be possible using neural networks alone. The design procedure has been applied to the
redesign of a turbine airfoil from a modern jet engine. This redesign involved the use of 15 design variables. The
results obtained are closer to the target design than those obtained using an earlier method with only three design
variables. The capability of the method in transforming generic shapes, such as simple curved plates, into optimal
airfoils is also demonstrated.

Introduction

A RTIFICIAL neural networks have been widely used in aero-
nautical engineering. Recent aerodynamic applications in-

clude, for example, � ow control, estimation of aerodynamic co-
ef� cients, compact functional representationsof aerodynamic data
for rapid interpolation, grid generation, and aerodynamic design.
Fan et al.1 studied the possibility of achieving active laminar � ow
control using “smart walls,” a combination of neural networks
and microelectromechanical devices. Kawthar-Ali and Acharya2

demonstrated the feasibility of using neural networks in the con-
trol of dynamic stall. Neural networks have also been used both to
model unsteady � ows and to optimize aerodynamic performance
parameters.3 The feasibility of reducing wind-tunnel test times by
using neural nets to interpolate between measurements has been
demonstratedby Norgaard et al.4 This study showed that signi� cant
cost savings could be realized by using such an approach.A similar
approach to data modeling and interpolation based on neural nets
hasbeenpresentedby Meade.5 Neuralnetworkshave also beenused
to optimize the � ap con� guration for a multielementhigh-liftairfoil
to achieve maximum lift.6 Neural network applications in aeronau-
tics are not limited to aerodynamics. A review of the applications
of a variety of neural networks in structural analysis and design is
provided by Hajela and Berke.7

A preliminaryeffort at designingairfoils using neuralnets,where
lift, drag,and pitchingmoment coef� cientsobtainedfroman inverse
designcode are used to train a feedforwardneuralnetwork,has been
reported by Huang et al.8 The network is used to predict the vari-
ation of these aerodynamic quantities as a function of the angle of
attack for both the cases used in trainingas well as those outside the
training domain. No effort is made to obtain an optimal geometry
for the given aerodynamic targets. In other work,9 a neural network
is used to determine,from a databaseof input pressuredistributions,
a pressure distribution that would produce the required � ow condi-
tions. An inverse design method is then used to compute the airfoil
shape that corresponds to this desired pressure distribution.
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Rai and Madavan10 have explored the feasibilityof applyingneu-
ral networks to the design of turbomachinery airfoils. The focus
of their effort was on developing a design process that utilized the
ability of the computer to interpolate unstructured data in multi-
ple dimensions—a task that humans � nd dif� cult to perform. Their
process also permitted the designer to perform a variety of trade-
off studies rapidly. The principal idea behind their effort was to
represent the design space, within some parameter limits, using a
neural network, and then to employ an optimization procedure to
search this space for a solution that exhibited optimal performance
characteristics. This approach can be viewed as a variant of re-
sponse surface methodology (RSM) where the response surface is
constructed using a neural network. An excellent introduction to
RSM can be found in the textbooks by Montgomery11 and Myers
and Montgomery.12 Guinta et al.13 provide an overview of the ap-
plication of RSM to multidisciplinaryoptimization (MDO) and list
several advantages of using RSM in MDO, namely, 1) the allevia-
tion of problems associated with using noisy data in optimization
studies, 2) the ease of integrating simulation tools from different
disciplines,and 3) the ef� cient use of parallel computing resources.
However, the authors13 use polynomials to construct the response
surfaces in their design efforts.

Although there are several methods that can be used to represent
the functional behavior of design data, neural networks are partic-
ularly suitable for multidimensional interpolation where the data
are not structured. Because most design problems in aerodynamics
involve a multitudeof parameters and datasets that often lack struc-
ture, neural nets provide a level of � exibility not attainable with
other methods. In fact, partial datasets or even a single data point
intermingled with more complete datasets can be used to in� uence
the design process.

Aerodynamic design data have traditionally been obtained from
a variety of sources. In the past, experiments and simple analyses
have provided the majority of data used in design. More recently,
the methodsof computational� uid dynamics (CFD) have been used
to generate a signi� cant portion of the design data. A hierarchy
of approximations to the governing partial differential equations,
i.e., the Navier–Stokes equations, ranging from the simple potential
� ow equations to the Euler and Reynolds-averaged,Navier–Stokes
equations, have been used for this purpose. Typically, the simpler
and lower � delity potential � ow solutions have been used in the
initial stages of design because they are relatively inexpensive to
compute,and becausea largenumberof solutionsare requiredat this
stage. Here the term � delity is used to denote the extent to which the
systemof equationsfaithfullyrepresentsthe physicalcharacteristics
of the � ow. The higher � delity Euler and Navier–Stokes solutions
are generally used in the � nal stages of design because of the high
cost of computing these solutions. A preliminary evaluation10 of
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neural networks indicates that they provide a natural framework
within which a successionof solutions of increasing � delity can be
represented and subsequentlyutilized for optimization and design,
thus reducingoveralldesign costs.The design data can come from a
variety of sources, including experimentsand computations.Rules-
of-thumb that designers have evolved over a number of years can
also be incorporatedwithin the optimizationroutines as constraints.
These facts are of considerable importance to the aircraft industry,
which has accumulatedenormousamountsof experimentaldata and
numerous design rules over a number of decades.

This paper builds on the work reported by Rai and Madavan10

where a simple two-layer feedforwardneural network, a conjugate-
gradient based optimization routine, and CFD data were used to
design the midspan geometry of a turbine airfoil. The pressure dis-
tribution from a modern Pratt & Whitney (P&W) turbine was used
as the desired target. The computed surfacepressuredistributionfor
the neural net-based airfoil design was found to be in good agree-
ment with the target distribution.

For the design methodology of Rai and Madavan10 to be used
effectively, it is imperative that the objective function be populated
both adequately and ef� ciently. A sparse population results in an
inaccurate representationof the design space whereas an inef� cient
use of aerodynamicdata in populating the design space could result
in excessive simulation costs. The method10 used to populate the
designspacewas to choosean initialdesignpointand then to perturb
all of the design parameters about this point. This resulted in a
geometric increase in the number of datasets required to represent
adequately the design space as the number of design parameters
increases.(InRSM nomenclature,this is a 3m factorialdesign,where
m is the number of design parameters.) Because the number of
parameters required for aerodynamicdesign is relatively large, this
approach is restricted to simple designs involving a few geometric
parameters.

In this paper we explore the possibilityof a parameter-basedpar-
titioning of the design space, where the functional dependence of
the variables of interest, e.g., pressure, with respect to some of the
design parameters is represented using neural networks, and the
functional dependence with respect to the remaining parameters is
representedusingpolynomials.For � rst- or second-orderpolynomi-
als, the numberof datasetsrequiredincreasesin a linearor quadratic
manner, respectively, with the number of parameters. This proce-
dure greatly reduces the number of datasets required to populate the
design space and thus enables designs involving a larger number of
parameters than would be possible using neural networks alone.

This paper also addresses issues related to the choice of the initial
design point. Clearly, the further the optimal design is from this ini-
tial design point the larger the regionof designspace that needs to be
represented by the response surface. An inordinately large number
of datamay then be requiredto populatethedesignspaceadequately.
In this paper we use a sequence of response surfaces based on neu-
ral networks and polynomials that constitutesa search process.This
approach is an extension of traditional response surface methods
based on polynomials alone.12 The number of simulations required
in the current approach are relatively modest.

In our earlier work,10 the design study was performed with three
geometricvariablesonly, thus resultingin some differencesbetween
the target and the design pressures.Here, we repeat the design study
with 15 geometric parameters to provide much greater � exibility in
de� ning the airfoil geometry. This translates into a design that is
much closer to the target. A second study that demonstrates the
ability of the method to transform a generic shape into the optimal
airfoil is also presented.The design method as well as the results of
these studies are described in this paper.

CFD Methodology
The ROTOR-2 computer program14 is used to obtain the CFD

simulations.The computational method used is a third-order-accu-
rate, iterative-implicit,upwind-biased scheme that solves the time-
dependent, Reynolds-averaged, thin-layer, Navier–Stokes equa-
tions. The � ow region of interest is discretized using a system of
patchedand overlaidgrids that exchange information during the so-
lution process.The dependentvariablesare initializedto freestream
values and the equations of motion are then integrated to conver-
gence subject to the boundary conditions.The � ow parameters that

are speci� ed are the pressure ratio across the turbine airfoil (ratio
of exit static pressure to inlet total pressure), the temperature, unit
Reynolds number and � ow angle at the inlet, and the � ow coef-
� cient. Details regarding the solution methodology can be found
elsewhere.14

Construction of Composite Response Surface
The primary motivation for constructing a composite response

surface based on neural networks and polynomials comes from an
examination of the relative strengths of these two approaches in
interpolating design data. Neural networks provide a very general
frameworkfor estimationin multipledimensions.Barron15 provided
the boundfor the mean integratedsquarederror betweena two-layer
feedforwardnetwork (single hidden layer and linear output neuron)
and a target function f (x) as

O(C2
f

n ) + O[nd (N )
N ] (1)

where n is the number of neurons in the hidden layer, N is the
number of training pairs, d is the number of dimensions over which
the function is de� ned, and C f is related to the Fourier transformof
the function.

The mean integrated squared error is given by

k f ¡ fN N k = * xb

xa

[ f (x) ¡ fN N (x)]2 dx (2)

where fN N (x) is the input/output function corresponding to the
trained neural network.

The � rst term in Eq. (1) is the approximationerror and represents
the difference between the target function and the closest (in terms
of mean integrated squared error) neural network function with a
given numberof hidden layer neurons.The second term in Eq. (1) is
the estimation error and represents the distancebetween this closest
neural network and the neural network given by the weights esti-
mated using the training data that are available. The approximation
error can be reduced by increasing the number of hidden layer neu-
rons. Because network training costs are typically a small fraction
of the simulationcosts, this error can be reducedsuf� cientlywithout
unduly increasing the total computationalcost. However, in neural-
network-based design it is the second term that can have a large
impact on the total computational cost. Because each simulation
could require anywhere between a few minutes to several hours of
computer time, reducing the estimation error by increasing N may
not always be feasible.

Figure 1 shows the parabola given by

y = 2(x ¡ 1
2
)

2
(3)

and the neural network approximations to this function obtained
with two neurons in the hidden layer and a single linear neuron
for the output. The network was � rst trained with three training

Fig. 1 Deterioration of neural network generalization capability with
decreasing training data.
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pairs (curve A) and then with � ve training pairs (curve B). The
generalization ability obtained when only three training pairs are
used is inadequate. It should be noted that the training error in this
case (curve A) was decreasedby 25 orders of magnitude.A marked
improvement in generalization is seen with the use of � ve training
pairs.

Figure 1 demonstrates that neural-network-basedgeneralization
can become unreliablewhen the amount of available trainingdata is
very small. However, the use of a single linearneuron with a prepro-
cessor that provides the input nodes with the bias, the value of x and
also x2 , would yield a perfect � t with just three training pairs. Note
that such a single linear neuron is, in essence, a polynomial � t. The
advantageof the polynomial� t providedby the single linear neuron
is that it requires a prescribed minimum number of data points for
a given number of polynomial terms, and this number increases in
a polynomial fashion with the number of dimensions.For example,
if a quadratic � t were used to represent the data, the number of data
points required to compute the coef� cients of the polynomialwould
increase quadraticallywith the number of dimensions. If the target
function can be locally approximated using low-order polynomi-
als, then there is an advantage to using polynomial � ts instead of
neural networks. Although Eq. (1) suggests that only a near-linear
increase in the number of training data is required with an increas-
ing number of dimensions, it is important to note that the number
of hidden layer neurons n is typically large if the net is to represent
the surface variation of aerodynamic quantities (21 hidden layer
neurons were required in Ref. 10 to represent just three pressure
distributions).

In the current approach, we combine conventional polynomial
approximationson s-dimensionalsimplexeswith the � exibility that
neural nets provide. This results in a mathematical model whose
complexity can be adjusted on a dimensional basis to suit the func-
tion being modeled, thus reducing the amount of data required.
This approach assumes that the local variation of the design objec-
tive function with some of the geometric parameters can be accu-
rately represented using low-order polynomials. The terminology
s-dimensional simplex refers to a spatial con� guration of s dimen-
sions determined by s + 1 equispaced vertices, on a hypersphere
of unit radius, in a space of dimension equal to s. By this de� -
nition, a two-dimensional simplex is an equilateral triangle that is
circumscribed by a unit circle. The method of modeling functional
behavior using polynomials whose coef� cients are estimated from
data de� ned on simplexes is referred to as a Koshal design.12

Consider a design scenario where the data can be generated for
prescribed values of the design parameters. Additionally, assume
that the variation of the aerodynamic data of interest with respect
to some of the design parameters is not very complex (this may be
becausethe parametervariationsare small or becausethe underlying
function is simple), and hence, does not require the generality of a
neural network-basedestimation scheme. In such a situationsimple
polynomials can be used to represent the variation of the function
with these parameters and a neural network can be used for the
remaining parameters.

The main thrust of this study is to develop this hybrid approach
to representaerodynamicdata.We focus on two-dimensionalairfoil
design where the desired target is the surface pressure distribution.
The three-layer neural network (with two hidden layers) shown in
Fig. 2 is used for this purpose. The variation of aerodynamic data
along the surface of the airfoil is typically far more complicated
than the variation with small changes in geometric parameter val-
ues. Hence it is assumed in this design approach that the neural
network will be used to represent aerodynamic data variation in
physical space. The � rst node in the input layer is a bias node (in-
put of 1.0). The second set of nodes is used to specify the physical
location. In this particular two-dimensionaldesign environment the
physical location is speci� ed by a single parameter, i.e., the axial
location on the airfoil surface. Given t geometric parameters that
determine the shape of the airfoil, assume that the variation of the
� rst c parameters results in complex variations in the aerodynamic
data and the variationof the remaining s parameters results in fairly
simple variations in the data that can be represented by low-order
polynomials (t = s + c). The third set of nodes in Fig. 2 accepts the
� rst c geometric parameters.Pressure values correspondingto axial

Fig. 2 Schematic of the three-layer feedforward neural network used
in this study.

a) Two dimensional

b) Three dimensional

Fig. 3 Simplexes showing the points at which data are required for a
quadratic approximation.

locations and geometry parameters speci� ed at the input nodes are
obtained at the output node.

The variation of the aerodynamic data with the remaining s vari-
ables is approximated using simple polynomials. For a linear vari-
ation, the points at which the data are determined are located at the
vertices of an s-dimensional simplex and are at unit distance from
the origin. In this case there are s + 1 vertices and s + 1 unknown
coef� cients to be determined. For a quadratic variation, in addition
to the verticesof the simplex, we include the midpoints of all of the
edges as well. This results in (s + 1)(s + 2)/ 2 nodes and as many
unknown polynomialcoef� cients that must be determined.Figure 3
shows the points at which these data are required in two dimensions
(s =2) and three dimensions (s = 3) for a quadratic � t.

In the two-dimensional case shown in Fig. 3 the pressure can be
approximated as

p = a1 + a2x + a3 y + a4x2 + a5xy + a6 y2 (4)

Given the pressure values p1, p2, . . . , p6 at the vertices of the sim-
plex, the coef� cients a1, a2 , . . . , a6 can be obtained from the fol-
lowing system of equations:
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The generalization to higher-dimensional simplexes and higher-
order polynomials is straightforward. Clearly, a certain minimum
number of pressure values is required depending on the number
of dimensions and the order of the polynomial used. However, the
number of pressure values that are typically used is more than this
minimum (greater than six in the preceding example). This helps
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reduce the effect of noise in the data on the accuracy with which
the responsesurface models the functional relationshipbetween the
aerodynamicvariable, e.g., pressure, and the geometric parameters.
The coef� cients in this case are estimated using a least-squares ap-
proach.Guinta et al.13 recommendusing1.5–2.5 times theminimum
number of pressure values.

The method of combining neural networks and traditional poly-
nomial � tting techniques is given next:

1) Obtain simulation data at each of the vertices of the simplex
used for the polynomial � t. Multiple simulations will be required at
each vertex if some of the geometric parameters are representedby
the neural net.

2) Assign one neural net for every vertex of the simplex. Train
each neural net with the simulation data generated for the corre-
sponding vertex. The input for each net includes the bias value,
the axial location along the airfoil, and the “complex” geometric
parameters.

The following procedure is used to obtain the pressure corre-
sponding to a given axial location and a set of geometric parameter
values:

1) Obtain the pressure at each of the vertices of the simplex us-
ing the corresponding neural nets. This is easily done because the
axial location on the airfoil and the values assigned to the complex
geometric parameters are known.

2)Compute theestimatesof thepolynomialcoef� cients,e.g., as in
Eq. (5), and then use the prescribed values of the simple geometric
parameters to obtain the estimate for the required pressure value,
e.g., as in Eq. (4).

Because the error that is being minimized during the design pro-
cess is simply a function of the target pressure values and the esti-
mated pressure values on the surface of the airfoil, this error can be
computed by repeating steps 1 and 2 at each of the surface points at
which the target pressure is prescribed.

The trained networks together with the polynomial � t constitute
the composite response surface. The accuracy with which this re-
sponse surface represents the actual functional dependence of the
aerodynamic quantities on the design parameters is determined by
the accuracy of the CFD simulations, the number of simulations
used to populate the design space, the network parameters such as
the number of neurons in the hidden layers (Fig. 2), and the order
of the polynomial used. The accuracy of the CFD simulations will
not be discussed here. The accuracy with which the networks rep-
resent the training data is given by the training error TE, which is
minimized to obtain the network weights. For any one of the neural
networks, this training error is given by

TE =
nmax

n̂ = 1

imax

î = 1

( p̃n
i ¡ pn

i )
2

(6)

where p̃n
i is the set of targetpressures, pn

i is the outputpressurefrom
the network, imax is the total number of points on the surface of the
airfoil at which the target pressures are prescribed, and nmax is the
number of CFD solutions used to train this particularnetwork. Note
that nmax has to be large enough that the functional dependenceof
the pressure on the complex variables is modeled accuratelyby the
neural networks. The number of neurons is increased successively
until the training error is suf� ciently small. The training error was
reduced by about four orders of magnitude for each of the design
studies. This reduction in the training error was deemed adequate
(results are presented in the next section).

The accuracy with which the composite response surface repre-
sents the design space can be estimated as follows:

1) Compute validation datasets (different from the training set).
2) Obtain the pressure distributions for these validation cases

using the response surface.
3) Compare the pressure distributionsobtained in steps 1 and 2.
This validation process is essential in establishing the adequacy

of the generalizationcapabilitiesof the composite responsesurface.
Typically, this is carried out at the centroid of the simplex.

Current Design Method
The current aerodynamic design strategy (for a prescribed target

pressure distribution) can be summarized as follows:

1) De� ne the target pressure distribution. This is obtained from
a set of higher-level design requirements.

2) Determine an initial geometry with a pressure distribution
that is close to the target. There are several approaches, such as
inverse design procedures,16, 17 meanline analyses, and streamline
curvature-based methods,18 that can be used to obtain this initial
geometry. This geometry serves as the centroid of the � rst simplex.

3) Populate the design space in the vicinityof the initialgeometry.
Construct a simplex in design space around this centroid and obtain
CFD solutions at each of the vertices (for a linear variation) and
interior nodes (for quadratic or higher-degreepolynomials).

4) Train the neural networks and compute the polynomial co-
ef� cients. The input nodes of the neural nets will typically contain
parametersthat correspondto the physical locationon the airfoiland
those geometric parameters that give rise to complex surface pres-
sure variations. Train the neural nets and compute the polynomial
coef� cients that de� ne the pressure variation within the simplex.

5) Search the region of the design space represented by the com-
posite responsesurface. Variousmethods can be used to accomplish
this constrained search. A conjugate gradient method was used in
this study. Geometrical and other constraints and rules of thumb
that designers have evolved can be incorporated within this search
procedure. As an example, a penalty function method was used to
enforce an inlet angle constraint in Ref. 10. In addition, constraints
that limit the search procedure to the volume of the simplex are
also incorporated in the search. Note that, on occasion, it may be
advantageous to permit the search to extend outside the domain of
the simplex. If this extendedsearch culminates outside the simplex,
a CFD simulation must be performed to determine the value of the
objective function at this local optimum to con� rm that it is in-
deed lower than anywhere inside the simplex. This con� rmation is
required because a gradual degradation of the generalization capa-
bility of the responsesurface can be expectedas one moves outward
from the boundariesof the simplex.

6) Relocate the simplex. If the local optimum obtained in the
precedingstep lies on or outside the boundariesof the simplex, then
this point is chosen as the new centroid and steps 3–6 are repeated
until the search culminates inside the simplex.However, the process
can be stopped at any time when the design is deemed adequate.

7) Re� ne the solution. Several types of design re� nements may
be necessary. A particular design may require many iterations of
steps 3–6 before the optimal solution is obtained. One reason for
this could be that the initial design is very different from the target.
The need to minimize overall design costs dictates that one obtain
a preliminary design based on low-� delity, low-cost simulations,
e.g., potential � ow solutions. Steps 3–6 are then repeated using
higher � delity simulations, e.g., Euler or Navier–Stokes solutions.
A second level of re� nement may involve repeating steps 3–6 with
a simplex of reduced size.

8) Validate the design. As a � nal step in the process the geometry
corresponding to the optimal design is used to obtain the pressure
distribution (via a CFD simulation). This computed pressure distri-
bution is comparedwith the targetpressuredistributionto determine
the adequacy and quality of the design.

9) Perform design tradeoff studies, as required. The optimal de-
sign obtained in steps 1–8 is a point in design space that meets
all of the initial design criteria. However, after obtaining this opti-
mal design, the designer often wishes to modify the target or the
constraints to arrive at a better and improved design, or analyze a
variety of what-if scenarios. Several hundred such tradeoff studies
may be required before the � nal design is de� ned. These analyses
can be performedvery ef� ciently by representing the functionalde-
pendenceof the aerodynamicquantities in the vicinity of the design
obtained in steps 1–8 using the neural net/polynomial approxima-
tion and once again searching this space with the new targets and
constraints embedded in the search procedure. Clearly, this pro-
cess can only be used if the new targets are contained in the re-
gion of design space where the generalization capabilities of the
response surface are adequate. Our experience with aerodynamic
design has been that the search procedure requires two to three or-
ders of magnitude less computing time than that required for simu-
lation and training the network. This allows the designer to perform
a variety of tradeoff studies rapidly that would naturally involve



RAI AND MADAVAN 177

changing the constraints to resolve design con� icts or improve the
design.

The preceding methodology combines neural nets and polyno-
mial � ts to representthe variationof the objectivefunction in design
space and low- and high-� delity simulation techniques to reduce
overall computing costs. These combinations result in a powerful
design methodology that could make large-scale aerodynamic de-
sign tractable.

Comparison of Current and Earlier Design Methods
In Ref. 10, the authors laid out the framework of a neural net-

based aerodynamic design capability that comprised the following
elements: 1) Identify an initial design point, 2) populate the design
space using simulationsand /or experiments,3) train the neural net-
work, and 4) � nd the optimal solution by searching the region of the
designspacein which the functionaldependenceof the aerodynamic
quantities is modeled by the network. Preliminary procedures for
implementing these steps were also presented. The current design
methodology employs techniques that vastly improve the imple-
mentation of steps 1–3.

The use of a sequence of response surfaces that constitutes a
search process allows the designer to pick an initial design point
that is not close to the optimal design, and subsequentlytraverse the
design space to get close to this optimal point. As a result the choice
of the initial design point is far less critical in the current method
than in that of Rai and Madavan.10

In Ref. 10 the design effort used 27 pressure distributions corre-
sponding to 27 airfoil geometries to populate a three-dimensional
design space. The airfoil geometries were obtained by using three
values (obtainedby perturbationsabout a mean) for each of the three
geometric parameters. Clearly, this process results in inordinately
large number of simulations in high-dimensionaldesign spaces.For
example, the number of simulations that would be required for a
100-parameter design problem is 3100 , or about 5 £ 1047. On the
other hand, for a linear representationwithin a simplex, the current
approach would require a few hundred simulations.

In addition to drastically reducing the computational require-
ments to obtain the CFD simulations, the current approach also
has a dramatic impact on the neural net training process. First, the
reduction in the total amount of simulation data greatly reduces the
training requirements.Second, the use of one neural net to represent
each pressuredistribution(as opposedto a singleneuralnet that rep-
resentsall of thepressuredistributionsas a functionof axial distance
andgeometryparameters) also contributesto reducedtrainingtimes.
This is because a part of the complexityof representingthe function
(in this case, surface pressure variation with geometry parameters)
is transferred from the neural net to the polynomial approximation.
Figure 4 illustrates this latter point by comparing training times for

Fig.4 Comparisonofneuralnet training times required for the present
approach and that of Rai and Madavan.10

the 27 simulations of Rai and Madavan.10 In the � rst training pro-
cess, all 27 pressure distributions were represented by a single net
(curve A). Twenty-seven individual nets were used in the second
training process. Curve B represents the variation of the sum of the
27 corresponding training errors with cumulative training time. A
comparison of curves A and B shows about an order of magnitude
reductionin trainingtime. Note that the computationaltime required
to implement the polynomial approximation is negligible.

In Fig. 4 curve B shows a sudden increase in the value of the
training error at about t = 50 CPU s. This is because the initial val-
ues for the connection weights of the 27 networks is obtained as
follows: 1) A single network with the same network connectionsas
the othernets is � rst trainedusingpressuredata obtainedfor the cen-
troid of the simplex (cube, in this case). 2) The connection weights
from this network are then used to initialize all of the nets. This
approach to weight initialization further reduces the total training
time requirements.The sudden increase in the value of the training
error represents the point in time at which the weights of the single
trained net are transferred to all of the other nets.

Parametric Representation of Airfoil Geometries
Because this study focuses on airfoil design, the ability to repre-

sent various airfoil geometries with a common set of geometrical
parameters is essential. These parameters must be chosen such that
variationsof the airfoil geometry can be obtainedby smoothly vary-
ing them. Geometrical constraints imposed for structural reasons,
or aerodynamic reasons, e.g., to eliminate � ow separation, should
be included in this parametric representation as much as possible.
Additionally, the smallest number of parameters should be used to
represent the family of airfoils.

In Ref. 10 the airfoil geometry was represented using the thick-
ness distribution and the mean camber line. The airfoil thickness
is de� ned at speci� ed control points and thickness values at other
points are obtained using a tension spline. Different airfoil shapes
can be obtainedby varyingthe thicknessvaluesat the controlpoints.
Similarly, control points on the mean camber line are de� ned and
a tension spline is used to obtain other points on the camber line.
Again, different airfoil shapes are obtained by varying the location
of these control points. The tension in the tension splines in both
cases is adjusted to prevent undesirable airfoil shapes. The tension
values can also be considered as additional geometric parameters,
but this was not done in Ref. 10. This method of airfoil generation
is referred to as scheme A later in the text.

In this study, we use the preceding approach to compare results
obtainedusingthecurrentdesignmethodologywith thoseofRai and
Madavan.10 However, this methodof airfoil generationwas found to
be in� exibleand prone to generatinginadmissibleairfoilgeometries
when the initial geometry was far from optimal. A second, more
robust, method of airfoil generation was developed to solve this
problem. This new approach is illustrated in Fig. 5 and has the
following salient features:

Fig. 5 Typical airfoil geometry showing location of nodal points on the
airfoil surface and the de� ning angles in the new method of geometry
parameterization (scheme B).
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1)The leadingedge isconstructedusingtwo differentellipses,one
for the upper surface and one for the lower surface.The eccentricity
of the upper ellipse and the semiminor axes of both ellipses are
speci� ed as geometric parameters (eu , tu , and tl ), respectively. All
other related parameters can be determined analytically.The major
axes of both ellipses are aligned with the tangent to the camber line
at the leading edge. This tangent is initially aligned with the inlet
� ow but is allowed to rotate as the design proceeds. The angles
a u and a l determine the extent of the region in which the leading
edge is determined by these ellipses. The two ellipses meet in a
slope-continuousmanner.

2) The trailing edge can also be constructed in a similar manner
with the major axes of the ellipses aligned with the tangent to the
camber line at the trailing edge. However, in this study the trailing
edge was de� ned using a single circle. The angles b u and b l deter-
mine the extentof the region in which the trailingedge is determined
by this circle.

3) The regionof the upper surfacebetween the upper leadingedge
ellipse and the trailing edge circle is de� ned using a tension spline.
This tension spline meets the leading edge ellipse and the trailing
edge circle in a slope-continuousmanner. Additional control points
for the tension spline that are equispaced in the axial direction are
introduced as necessary. These points provide additional control
over the shape of the upper surface.The lower surface of the airfoil
between the lower leading edge ellipse and the trailing edge circle
is obtained in a similar manner.

Thisnewmethodofgeneratingtheairfoil(schemeB)was foundto
be robust and provideda smooth transitionfroma constantthickness
curved plate to the optimal P&W airfoil.

Turbine Airfoil Design Using Earlier
and Current Methods

Earlier Design
The turbine airfoil design study presented in Ref. 10 is brie� y

reviewed here � rst. The goal of this study was to design an airfoil
that would yield a prescribed target pressure distribution.

The target pressure distribution was supplied by P&W (private
communication,F. Huber, 1997). This pressuredistributionwas ob-
tained at the midspan of a turbine vane from a modern jet engine.
The following � ow and geometry parameters were also supplied by
P&W and used in the current design process: inlet total pressure,
inlet temperature,exit Mach number, inlet and exit gas angles, axial
chord, leading and trailing edge thickness values, eccentricity of
leading edge ellipse, radius of midspan section, and the number of
vanes in the row.

Initiating the design process required the generation of several
airfoils whose pressure distributions formed an envelope around
the target pressure distribution. To do this an initial design that
was relatively close to the target was obtained using a trial-and-
error procedure. Three control points were chosen corresponding
to the axial location where the airfoil thickness is maximum, the
midpoint between the maximum thickness point and the start of
the camber line, and the midpoint between the maximum thickness
pointand theend of the camber line. The thicknessvaluesat the ends
of the camber line were provided by P&W and speci� ed a priori.
The thickness values at the control points were varied to obtain the
training set (three values of each). Thickness values at other points
on the camber line were obtained using a tension spline. A total of
27 airfoil geometries and correspondingpressuredistributionswere
computed.

Figure 6 shows the envelope of airfoil pressure distributions ob-
tained from CFD simulations for this set of airfoils and the target
pressure distribution. The neural net was trained using these 27
pressure distributions and then used to predict the optimal design.
Figure 6 also shows that the pressure distributionobtained from the
CFD simulation for this optimal design is in good agreement with
the target distribution.

Current Design
The design study of Rai and Madavan10 was repeated with the

methodology described in this study. The initial design point was
chosen to be the same.10 The same three geometric parameters, i.e.,
the thicknessvaluesat the three controlpoints,wereused to generate

Fig. 6 Comparison of the target pressure distribution with that ob-
tained from a CFD simulation for the neural net-based design of Rai
and Madavan.10 The shaded region represents the envelope of pressure
distributiondata obtained from CFD simulationsthat were used to train
the neural net.

Fig. 7 Training the neural
net. Comparison between
training pressure data and
net “learned” airfoil pres-
sure distributions at the
four vertices of the tetrahe-
dron for the three-para-
meter design study. Airfoil
surface pressure distribu-
tions predicted by the re-
sponse surface are com-
pared to CFD simulations
at the centroid of the tetra-
hedron.

airfoil geometries. Parameter-based partitioning was accomplished
in the following manner. Polynomial approximations were used to
represent the variation of the airfoil surface pressure with the three
geometric parameters.The neuralnet was used only to represent the
variation of the pressure along the airfoil surface. For this kind of
partitioning of the parameters, a linear variation results in a simple
tetrahedron (four vertices) and a quadratic variation results in a
tetrahedronwith midside nodes (for a combined total of 10 vertices
and nodes as in Fig. 3). A linear approximation was used here.

Each of the four three-layer nets (representing the four vertices
of the tetrahedron) had two input nodes, one for the bias and one
for the axial location, and one output neuron. The � rst and second
hidden layers had 7 and 3 neurons, respectively, for a total of 38
connection weights. Thus, the total number of connection weights
for all four nets was 152. During the training process the training
error was reducedby about four orders of magnitude from the initial
value.

Figure 7 shows the computed surface pressures (CFD) and those
obtained from the neural net (learned pressures) at the four vertices
of the simplex centred at the initial design point. The two sets of
pressuresare in good agreement.Figure 7 also shows the computed
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surface pressuredistribution(CFD simulation) at the centroidof the
simplex and that obtained from the response surface. The two sets
of data are in good agreement and demonstrate the generalization
capability of the composite response surface.

In Ref. 10, the optimal design lay within a cube of 27 points
(CFD solutions) in design space. This was found not to be the case
in the current approach. The volume of the tetrahedron, with its
centroidpositionedat the same initial design point,10 is smaller than
the volume of the cube and does not contain the optimum design
point. Figure 8 shows the envelope of airfoil pressure distributions
corresponding to the four vertices of the simplex (initial design
point) and the target pressure.The target pressure distributionis not
containedwithin this envelope.The optimizationproceduretogether
with the constraint that the search be limited to the volume of the
tetrahedron converges to a point on one of the bounding surfaces
of the simplex. Figure 8 shows that the pressure distribution at this
point on the boundary of the simplex is in better agreement with the
target distribution.

The process of constructingnew simplexes and searching for the
local optimum was repeated � ve times. Figure 9 shows the enve-
lope of pressure distributions for the � fth (� nal) simplex that was
constructed. In comparison with Fig. 8, the target pressure distri-
bution is almost fully contained within the envelope in Fig. 9. The

Fig. 8 Comparison of the initial airfoil pressure distribution with that
obtained after the � rst search step for the three-parameter design study.
The shaded region represents the envelope of pressure distribution data
obtained from CFD simulations at the vertices of the � rst simplex and
used to train the neural net.

Fig. 9 Comparison of airfoil pressure distribution for the optimal
three-parameter design with the target pressure distribution. The
shaded region represents the envelope of pressure distribution data ob-
tained from CFD simulationsat the vertices of the last simplex and used
to train the neural net.

pressure distribution corresponding to the optimum design point is
also shown in Fig. 9. A comparisonof the optimal pressuredistribu-
tion obtainedin this three-parameterdesignstudywith that obtained
in Ref. 10 shows that the two are nearly identical, with the present
results showing some slight improvement.The improved results are
probably because the volume of the tetrahedron bounding the opti-
mal design point is smaller than the volume of the cube bounding
this point in the earlier method,10 thus resulting in a more accurate
response surface.

Application to a Turbine Airfoil Design
Involving Many Parameters

In the previous design studies, the number of geometric parame-
ters was limited to three. This results in some differences between
the optimal solution and the target. Many of the geometric parame-
ters that were held constant in these initial designs must be allowed
to vary to obtain a solution that is closer to the target. The current
design procedure permits the use of a larger number of parame-
ters with a modest increase in simulation time. To demonstrate the
strengthof this procedure the previousthree-parameterdesignstudy
was repeated with the following 15 geometric parameters: leading
edge and trailing edge airfoil metal angles (two parameters), ec-
centricity of upper leading edge ellipse (one parameter), stagger
angle (one parameter), axial location of maximum thickness value
on the upper and lower surfaces (two parameters), airfoil thickness
values at the leading edge (two parameters), and airfoil thickness
values at intermediatepoints on the upper and lower surfaces(seven
parameters).

Allowing these 15 geometric parameters to vary during the de-
sign process providesconsiderable� exibility in de� ning the airfoil.
Note that some modi� cations were also made to the airfoil gener-
ation method (scheme A), e.g., de� ning the leading edge with two
different ellipses. These modi� cations were made to provide more
� exibility in de� ning the airfoil shape but are not discussed here in
the interest of brevity.

The design study was repeated with these 15 parameters using
a sequence of 16-vertex simplexes (linear variation within the sim-
plex) in the searchprocess.The optimaldesignobtainedin the three-
parameter study was used as the initial design point.Figure 10 com-
pares the optimal design with that obtained earlier. Although both
optimal designs are close to the target, the 15-parameter design is
in better agreement along the pressure side and near the leading
edge of the airfoil. The exit gas angle for the 15-parameter and 3-
parameter designs was 21.4 and 21.8 deg, respectively, and agrees
well with the target value of 21.5 deg. The two airfoil geometries
corresponding to the current optimal design and the earlier design
are compared in Fig. 11. As the corresponding pressure distribu-
tions shown in Fig. 10 indicate, the main differences between the
two airfoils are on the pressure side of the airfoil from the leading
edge to about 75% chord.

Fig. 10 Comparison of the airfoil pressure distributions obtained for
the optimal 3- and 15-parameter designs.
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Fig. 11 Comparison of the airfoil geometries for the optimal 3- and
15-parameter designs.

a) Airfoil geometry b) Airfoil surface pressure distribution

Fig. 12 Transformation of the airfoil geometry from a simple curved plate to the optimal shape: A, initial design; B, midway through Euler opti-
mization; C, start of Navier–Stokes optimization; and D, � nal design.

Metamorphosis of a Generic Shape
into an Optimal Airfoil

The initial design that was used in the three-parameteroptimiza-
tion study of Rai and Madavan10 was obtained from a trial-and-error
process and was fairly close to the � nal design. This was done so
that the optimal design could be arrived at using a single response
surface. The current methodologyuses a sequence of response sur-
faces to enable a search of the design space thus permitting the
use of initial designs that are far from the optimal design. To illus-
trate this capability, the initial geometry was chosen to be a generic
curved plate. The inlet and exit metal angles for this curved plate
were initially set equal to the correspondinggas angles. This initial
geometry is shown in Fig. 12 by the airfoil marked A.

The current design methodology was then applied to obtain the
optimal geometry. Figure 12a shows the progression of the airfoil
geometry as the optimal design is approached. The corresponding
pressure distributions are compared with the target pressure distri-
bution in Fig. 12b. An additional feature that was incorporatedinto
the design process was the use of CFD solutions of different � deli-
ties. The design process was carried out using solutions to the Euler
equationsuntil the geometry denoted as C in Fig. 12a was obtained.
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Subsequently, solutions to the Reynolds-averaged Navier–Stokes
equations were used to achieve the � nal design shown as airfoil D
in Fig. 12a.

Using the mean camber line and thickness distribution to obtain
the airfoil geometry (scheme A) was found to be cumbersome and
prone to producing inadmissible airfoil geometries during the opti-
mization process. The new approach (scheme B) was used instead
and found to be robust even though the initial design was far from
optimal. In the initial stagesof designonly two parameterswere var-
ied at each optimization step to obtain the response surface. Three
sets of such two-parametercombinationswere used in sequence for
the initial development of the airfoil. These sets of two-parameter
combinationswere obtainedafter some experimentationand should
be generally applicable to a wide range of airfoil shapes. As a gen-
eral rule, one should keep in mind that the incorporationof as much
domain-speci�c information as possible into the search and opti-
mization process will help to accelerate the evolution of the design.
The three sets of two-parametercombinationsused in this study are
1) the angles a u and a l at the leading edge, 2) the angles b u and
b l at the trailing edge, and 3) the leading edge thickness values tu

and tl .
After a reasonableairfoilshapewas obtained,all six of the preced-

ing parameters were used together to construct the responsesurface
for a few more optimization steps. Additional parameters such as
the leading and trailing edge metal angles, eccentricity of the up-
per leading edge ellipse, and other control points used to de� ne the
upper and lower tension splines were included in the � nal stages of
design. The � nal design was obtained with a total of 13 geometric
parameters and is shown as airfoil D in Fig. 12a. This design exer-
cise demonstrates the ability of the method to transform a generic
shape that is far from optimal into the � nal optimal design.

Figure 13 shows the variation of the mean square error (MSE)
in surface pressure as a function of the cumulative computing time
(on a single processor Cray C-90) used to generate the CFD data
for the sequence of response surfaces used during the optimization
process. This error is de� ned as

MSE =
imax

î = 1

( p̃i ¡ pi )2

imax
(7)

where p̃i is the target pressure, pi is the pressure at the same axial
location for any particular airfoil generated during the design pro-
cess, and imax is the total number of airfoil surface points at which
the target pressure is de� ned.

The time used to train the nets is not included in Fig. 13 be-
cause it is a small fraction of the total CPU time. Figure 13 also
shows the time at which the switch from the Euler equations to
the Navier–Stokes equations was made. Very little change is seen
after approximately 40 CPU hours, indicating that for all practi-
cal purposes the design had converged. It should be noted that the

Fig. 13 Reduction of the mean square error in surface pressure with
the cumulative computing time used in obtaining the CFD solutions.
CPU time in single processor Cray C-90 hours.

preceding sequencing (three sets of two parameter airfoil families
for the initial transformation of the curved plate) was obtained af-
ter some experimentation.This sequence results in a robust design
process that can be used to generate a variety of airfoils.

Summary and Conclusions
A method for aerodynamic design that incorporates the advan-

tages of both traditional RSM and neural networks has been de-
veloped. The procedure employs a strategy called parameter-based
partitioningof the design spaceand uses a sequenceof responsesur-
faces based on both neural networks and polynomial � ts to traverse
the design space in search of the optimal solution. This approach
results in response surfaces that have both the power of neural net-
works and the economyof low-orderpolynomials(in terms of num-
ber of simulationsneeded and network training requirements). Such
an approach can handle design problems with many more parame-
ters than would be possible using neural networks alone.

As in conventionalRSM, the current design process permits the
designer to perform a variety of tradeoff studies rapidly. Once the
� nal responsesurface has been constructedusing a certain envelope
of pressure distributions, new design targets that lie within this en-
velope can be obtained very rapidly. This is not true of a brute force
optimization technique because it would resort to function evalua-
tions (CFD simulations) for every new design target. The ability to
obtain new design targets rapidly is a major advantage because de-
signers routinely perform a range of tradeoff studies before arriving
at the � nal design.

Another advantage of the current approach is that it allows the
use of low-� delity simulations in the early stages of the design
and a smooth transition to higher � delity simulations as the search
for the optimal design evolves. This can signi� cantly reduce the
computationalcosts incurred in simulation-baseddesign.

The method developed here has been applied to the redesign of
a turbine airfoil from a modern P&W jet engine. This design in-
volved the use of 15 geometric parameters. The results obtained are
closer to the target design than those obtained in an earlier study
using only three design parameters. The capability of the method
in transforming generic shapes, such as simple curved plates, into
optimal airfoils has also been demonstrated.

The process developed here is extendable to three-dimensional
geometries. In fact, although the use of 15 geometric parameters to
de� ne a two-dimensional turbine airfoil geometry may seem exces-
sive, it does indicatethat thecurrentmethodhaspotentialapplication
to large-scale three-dimensionalaerodynamicdesign.
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